Through a two loop self-energy diagram in massive λφ 4 theory, we demonstrated that the equivalence between dimensional regularization (DR) and cut-off regularization yield broke down in contrast to the conventional expectation. Then we employed a differential equation approach to aid the analysis and the result obtained in this approach also showed disagreement with DR.
I. INTRODUCTION
It is widely believed that any divergent loop diagram in a QFT must contain a nonpolynomial finite piece that should and must be the same across regularization schemes, i.e., regularization schemes are equivalent to each other as they should produce identical nonlocal parts that are finite. Although this crucial point has never been rigorously and thoroughly justified due to insurmountable technical difficulties, we are still surprised to find that this widely assumed equivalence break down in a two loop self-energy diagram (the sunset diagram) in massive λφ 4 theory. To be specific, we found that the finite nonlocal part (which is a double log) of this diagram regularized in DR differs from that regularized in cut-off scheme. Since the leading double log should be unaffected through subtraction procedures, this difference would persist after renormalization is done, and would therefore call the use of DR in massive λφ 4 models into question. In our understanding, this breakdown might be not quite an isolated accident after we are acquainted with similar regularization subtleness intensively studied in the recent applications of effective field theory methods [1] to nucleons interaction problems [2] .
We note that this trouble with DR does not in principle appear in more physical QFT's like QED and QCD thanks to the gauge invariance [3] . We should also note that for massless λφ 4 the problem is less severe as there is no double log part in this sunset diagram [4] , which might also be true in higher orders. But in the calculation of the effective potential of massless λφ 4 using Jackiw's efficient method [5] similar problem still occurs, which will be discussed in a separate report [6] . In this report we will focus on the calculation of the sunset diagram respectively in DR, cut-off and a natural differential equation approach.
II. THE SUNSET DIAGRAM IN MASSIVE λφ 4
First let us specify the lagrangian
To focus on the mass dependence we put the external momentum to zero. The two loop self-energy diagram under consideration is
where we have Wick-rotated all the internal momentum integrals. This is a nontrivial two loop diagram with overlapping divergences. This diagram has been calculated a number of times in various regularization schemes [5, 7, 8] , we can extract from these papers the expressions for I θ (m 2 ). First let us see the dimensional regularization result.
A. Dimensional regularization
From Ref. [7] we find that in D dimensions
and from [8] we have
The full ǫ-expansion is given in [8] as
with
This result is the same as Collins' except the constant term at the order of ǫ 0 , which can be seen from Eq.(4)
Now we turn to the cut-off scheme.
B. Cut-off regularization
This two loop integral calculated in cut-off scheme can be extracted from Ref. [5] (4π
with the coefficient C of Λ 2 term not explicitly given there. Through direct calculation C can be determined as C = 2.
In order to make the comparison easier, we cast the cut-off result into the following form
C. Disagreement between DR and cut-off scheme
Now it is clear that the leading finite term (a double log L 2 (m)) that has different coefficients in different schemes, i.e.,
in DR and
in cut-off scheme. This is our main observation. Since subtraction of divergence (including sub-divergence) should not alter the leading finite terms, or the leading finite term is renormalization/subtraction scheme independent (the single log terms in this two loop diagram are in fact subtraction scheme dependent and does not concern our discussion here), the disagreement will persist through a consistent renormalization procedure and therefore can not be removed by changing subtraction schemes * . * In [8] the subtraction/renormalization has not been consistently performed, the diagram discussed above is not subtracted in M S scheme while the other diagrams are. In fact the special
Now we see a counter example to our conventional belief that regularization should yield the same finite expressions except divergences(including sub-divergences) in various disguises. It has been widely held that the UV end details are not important provided they satisfy the novel symmetries. This example means that the truth is more subtle or complicated than we have expected. Obviously, the disagreement exhibited above implies that either DR or cut-off scheme is in trouble when dealing with multi-loop diagrams at least in theories containing massive scalar fields with quartic interaction.
At this stage one might ask which scheme is 'correct' after all or which scheme is more trustworthy? We will try to answer this question in next section.
III. A DIFFERENTIAL EQUATION ANALYSIS OF LOOP DIAGRAMS
Now let us adopt the standard point of view that all the known QFT's are effective theories for a completely well-defined quantum theory containing all the underlying high energy details [9] . This underlying theory (of everything) might not be a field theory † .
Since we did not find the complete theory, conventionally we introduce some artificial UV structures (or deformation) to make QFT's UV finite. But it has never been proved that all the deformations are physically 'trustworthy' (we doubt that we can ever rigorously prove it at all), as some schemes might in principle 'deformed' the complicated UV inappropriately to yield 'wrong' result.
However, it is well known fact that differentiation with respect to physical parameters subtraction of the diagram altered the coefficient of the leading finite term, an operation that is contradictory to the principle of renormalization theory! More discussions concerned with this issue will be given in [6] and other reports forthcoming. † Presently the promising candidate for this theory of everything is string theory and its descendents [10] . But we are not concerned with the final answer here, we only wish to make use of the existence of such an underlying theory for our purpose.
(usually external momenta and/or masses) reduces the divergence degrees of the divergent diagrams [11] . We can perform the differentiation on a diagram γ for enough times (for ω γ + 1 times with the divergence degree ω γ ) one will get a sum of superficially convergent diagrams. If there is still sub-divergence, we repeat the operation on the divergent subdiagrams till all divergences are gone and arrive at totally convergent loop integrals that can be safely carried out. Finally we integrate back with respect to the momenta (and/or masses) 'external' to the loop in concern, which can be done diagram by diagram and loop by loop [12] . This approach is somewhat a generalization of the W-T identities. It is easy to see that the divergent diagrams or loops should be well defined in the underlying theory, divergence just indicates the lacking of necessary UV details. Thus, we can expect that the solutions to the differential equations should contain unknown constants (indicating the incompleteness) to be fixed by physical 'boundary conditions' (corresponding to the usual renormalization conditions). We note in advance that not all regularization schemes satisfy these differential equations.
Now we apply this method to the diagram discussed in last section, that is to determine the two loop integral I θ (m 2 ).
(1). First, we differentiate it with respect to mass square (m 2 ) for two times (differentiation with respect to momentum could achieve the same goal), that is,
The result is a sum of three new diagrams without any overall divergence. Among these diagrams, I θ:(2;2;1) (m 2 ) and I θ:(2;1;2) (m 2 ) contain no sub-divergence while I θ:(3;1;1) (m 2 ) contains a sub-divergence with the l loop momentum integration
(2). Second, we treat this divergent sub-diagram with the same method described above which lead to the following inhomogeneous differential equation
The solution to this equation is easy to find,
with c (1;1) being the integration constants independent of any physical parameters like masses and momenta. In specific regularization schemes, c (1;1) are taken place by various constants containing divergent ones, e.g., ln Λ 2 in cutoff scheme. In principle, it should be fixed by 'boundary condition'.
(3). Now we can compute the right hand side of Eq. (10) and obtain again an inhomogeneous differential equation as below
and the solution to it reads
with c θ;1 , c θ;2 being the constants (independent of masses, coupling and momenta) to be fixed by 'boundary conditions', as pointed out in the preceding paragraghs.
It is clear that the leading double log (− (15) naturally satisfied by I θ (m 2 ) agrees with that determined from cut-off scheme but disagrees with that from DR. In fact we can define the constants c (1;1) , c θ;1 and c θ;2 in such a way that the cut-off result is exactly reproduced, i.e., as far as the two-loop diagram is concerned, the cut-off scheme is a particular solution to the natural differential equations, Eqs. (13) and (15), while DR is not. Thus, at least in massive scalar field theories with λφ 4 interaction, DR is disfavored in the sense just specified.
IV. DISCUSSIONS AND SUMMARY
Where is the source of the trouble for DR? We feel that it is in the special way that DR parameterizes the finite nonlocal piece, it is in the functional form of (m 2 orp 2 ) −nǫ and its expansion in terms of ǫ in the n-loop integrals. It is mathematically sound to expand
But the ǫ 2 order term has a 'incorrect' numeric coefficient 2.
One might argue that if one take the (m 2 ) −2ǫ as a product of two (m 2 ) −ǫ with all higher order (ǫ n , n ≥ 2) terms dropped, one will get the correct double log, i.e.,
Unfortunately, this 'one-loop' convention has at least two problems: (a). One has to specify how to expand other factors that are functions of ǫ in a manner that is consistent with this 'one-loop' convention, and one can find that there can be several ways to expand the factors that will yield different numerical constants; (b). The more serious problem is that when one makes DR and cut-off scheme agree with each other on this two loop diagram, they will disagree with each other on other diagrams.
This point can be seen by requiring that the coefficients of ǫ 
after making the assumption Eq.(18), the two regularization schemes still disagree with each other,
Here we have discarded terms quadratic and quartic in Λ to focus on the main point. Note that apart from the divergent term (this part matches between DR and cut-off scheme) the numeric term in DR does not match with that in cut-off scheme if one adopted the definition of the correspondence given above. Reversely, if one requires that DR and cut-off scheme agree with each other in this integral, one will find that again the two schemes disagree with each other in the special two loop diagram considered above. More examples in multi-loop diagrams can be found [6] in λφ 4 .
The situation is somewhat like ABJ anomaly [13] where one can impose current conservation at either vector or axial vector vertex but one can never simultaneously impose current conservation at both vector and axial vector vertices in the AV V triangle diagram.
In our study here one can never require both regularization schemes yield equivalent results in massive λφ 4 theories. It is obviously unreasonable to vary the definitions of a regularization across diagrams within the same theory in order to match with other schemes, as were done in some literature.
Thus, one could no longer expect that DR and cut-off scheme are perfectly equivalent at least in massive scalar theories with quartic interaction. Since in standard model (SM) the Higgs sector interactions are typically quartic, our observation here might be of substantial significance. There has not been extensive check of DR and cut-off scheme in the higher loop corrections in SM due to the complicatedness of the weak sector as well as the conventional naive expectation of the equivalence of the two regularization schemes. In this connection we argue that the success of DR in high energy physics is not affected by our observation here due to (a) gauge invariance at service, (b) the mass effects are unimportant (c) the β functions and the anomalous dimensions (γ φ 's) of RGE are in fact calculated from the coefficients of the leading poles of ǫ that match with the cut-off scheme's prime divergences of ln Λ 2 (excluding powers of Λ) as can be exemplified in section two.
We would like to remark that massive scalar theories with quartic interactions are known to be unnatural models in contrast to gauge theories like QCD and QED [14] , and the Higgs sector of SM has not been completely confirmed by experiments up to date. Thus, combining with the triviality of quartic interactions, the Higgs model does look eccentric and might therefore be somehow related to the breakdown of regularization equivalence. This is explained by the huge interests in finding alternative and more 'natural' symmetry breaking models [15] . More efforts concerning this target have been in supersymmetric theories [16] , including models descending from string/M theory [17] . However, even though the breakdown of the long-held regularization equivalence took place in an unnatural theory (or sector of a theory), we should still be more careful about the regularization effects in practical applications.
In summary, the breakdown of the conventionally held regularization scheme equivalence was demonstrated with a two-loop self-energy diagram (the sunset diagram) in massive λφ 4 theory. We introduced a natural differential equation approach for calculating the loop diagrams to help the analysis and found that the widely used dimensional regularization is in disagreement with the differential equation approach and the cut-off scheme in massive scalar theories. It was also shown that such disagreement can not be consistently reconciled.
Further pursuit of this issue is under way.
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